A recent result of J. Damon's 4] relates the A e -versal unfoldings of a map-germ f with the K D(G) -versal unfoldings of an associated map germ which induces f from a stable map G. We extend this result to the case where the source is a complete intersection with an isolated singularity. In a similar vein, we also relate the bifurcation theoretic versal deformation of a bifurcation problem (map-germ) g to the K -versal deformation of an associated map germ which induces g from a versal deformation of the organizing centre g 0 of g, where is the bifurcation set of this versal deformation.
Introduction
Recently Damon has introduced a generalized version of contact equivalence of mapgerms, which he calls K V -equivalence ( 3] ; see the background section below for definitions). In 4] he shows how the deformation theory for left-right equivalence of a map-germ f : C n ; 0 ! C p ; 0 can be understood in terms of the K V -equivalence and deformation theory of an auxilliary map-germ which induces f from a stable unfolding G by a base change, taking as V the discriminant of G (our G and replace Damon's F and g): C n+q ; 0 G -C p+q ; 0 V i 6 6 C n ; 0 f -C p ; 0 where i is the inclusion. This identi cation of the two deformation theories led to the discovery, by Damon and Mond 5] , of a \ " type theorem, relating the A ecodimension of a map-germ C n ; 0 ! C p ; 0 (n p) to the vanishing topology of its discriminant. In this paper we begin by generalizing Damon's result to include the case where the domain of f is an isolated complete intersection singularity (icis) X, giving in the process what we feel to be a clearer proof. This leads immediately to the following generalization of the main theorem of 5] to the case of a map f : X; 0 ! C p , where X is an n-dimensional icis with n p and (n; p) nice-dimensions in the sense of Mather.
Let f t : X t ! C p be a stable perturbation of the pair (X; f), i.e. X t is a smoothing of X and f t is a stable map. Then the discriminant of f t has the homotopy type of a wedge of (p ? 1)-spheres the number of which satis es A e -codim(X; f); with equality if (X; f) is quasihomogeneous. Here A e -codim(X; f) denotes the number of parameters necessary for a versal deformation of (X; f) in the sense de ned in Section 1 below. This theorem is proved in Section 2. (A more algebraic proof of Damon's theorem has recently been given by du Plessis, Ga ney and Wilson 15] .)
In Section 3, we apply the idea of K V -equivalence to bifurcation theory. The mapgerm g(x; ) (and associated \bifurcation problem" g(x; ) = 0) can be obtained from a versal deformation G(x; u) of g 0 (x) = g(x; 0), by means of a map from -space to u-space. We show that the bifurcation-theoretic deformation theory of g is isomorphic to the K V -deformation theory of , where V is the bifurcation set of the deformation G (Theorem 3.1). This provides a theoretical framework for the \path formulation" of bifurcation theory 6, x12(b)]. Combining this with the results of Section 1, we obtain the following extension of a classical theorem due to Martinet (Theorem 3.3): let V g = g ?1 (0), and g : V g ! be the projection (where is -space, the parameter space of the deformation). Then the A e codimension of the pair (V g ; g ) (as de ned in Section 1) is equal to the bifurcation theoretic codimension of g.
For simplicity, the results in this paper are all proved for the complex analytic category. However, except for those in Section 2, they are all valid in the real analytic category as well. The dimension of NK V is thus the number of parameters necessary for a K V;e -versal deformation of .
In the case that V = f0g Y , then K V -equivalence reduces to K-equivalence. It is perhaps worth pointing out that in contrast to the case V = f0g, isomorphism of ?1 (V ) and ?1 (V ) does not in general imply the K V -equivalence of and . 
Deformations of maps on complete intersections
Let X be a germ of an isolated complete intersection singularity (icis), with base point 0. Let f : X ! P be a map-germ, where P is a germ of a smooth space (P = C p ; 0). We say x 2 X is a singular point of (X; f) either if x is a singular point of X, or, in the case that x 2 X is regular, if f is not a submersion at x. We denote the set of singular points by (X;f) . We say that f, or (X; f), has nite singularity type if the restriction of f to (X;f) is nite-to-one.
Let G : N ! Q and : P ! Q be map germs (where N; P, and Q are germs of smooth spaces, of dimensions n; p and q respectively). Pulling back G by gives a space X as the bre product of G and , and a map f = f : X ! P which is just the projection to P, giving the following commutative diagram.
We will say that (X; f) is induced from G by (by bre product).
Recall that the bre product of G and can be de ned by X = f(x; y) 2 N P j G(x) = (y)g; or equivalently as (G ) ?1 ( Q Q ), where Q Q is the diagonal in Q Q. It is clear that X is smooth of codimension q in N P if and only if is transverse to G, and (provided n + p q) is an icis of codimension q if and only if is transverse to G o (0; 0) 2 X.
The rst result of this section asserts that provided X is an icis and G is stable then up to isomorphism, any unfolding of f : X ! P can be obtained by deforming .
Prior to proving this, we show that in fact a large class of pairs (X; f) can be obtained as bre products.
Lemma 1.1 Suppose that X is an icis and f : X ! P is a map germ of nite singularity type. Then there exist a stable map germ G : N ! Q, and an immersion germ : P ! Q, such that f is induced from G by (by bre product). Remark The property that (X; f) be of nite singularity type holds in general (e.g. 17], Theorem 5.1). Moreover, a small modi cation of the argument given in 17] shows that for any given icis X the property that f : X ! P is of nite singularity type also holds in general.
Proof Suppose that h : E ! C k ; 0 is a map-germ with h ?1 (0) = X, and letf : E ! P extend f. The hypothesis on (X; f) guarantees that the map-germ (h;f) : E ! 
where a + b = d. Now de ne : P ! (C k ; 0) P (C d ; 0) by (y) = (0; y; 0). Then G is in nitesimally stable (see e.g. 13]) and it is easy to see that has the required properties.
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We need to make precise the notions of unfolding, and versal unfolding, of the map f : X ! P, and of the pair (X; f).
De nition 1) An unfolding of (X; f) over a space germ S is a map F : X ! P S together with a at projection : X ! S, such that if 2 : P S ! S is the cartesian projection, then i) 2 F = , ii) There is an isomorphism j : X ! ?1 (0), and F j : X ! P f0g = P is equal to f.
2) The unfoldings (X ; ; F; j) and (X 0 ; 0 ; F 0 ; j 0 ) over S are isomorphic if there are isomorphisms : X ! X 0 and : P S ! P S over S, such that the diagram below 3) If (X ; ; F; j) is an unfolding of (X; f) over S, a germ : T ! S induces an unfolding (X ; ; F ; j ) of (X; f) by base change, in the obvious way. The unfolding (X ; ; F; j) is versal if every unfolding of (X; f) is isomorphic to an unfolding induced from (X ; ; F; j) by base change. Canonical Construction Suppose that f : X ! P is induced from the map G : N ! Q by : P ! Q (by bre product). Associated to any deformation ? : P S ! Q of there is a bre product X = N Q (P S), a map F : X ! P S and a natural map i : X ! X induced by the inclusion P f0g , ! P S, such that 2 F i = f. We make F : X ! P S into an unfolding of f by de ning : X ! S by = 2 F.
Fibre product is of course unique only up to (unique) isomorphism; in this case such an isomorphism is automatically an isomorphism over S, and thus gives rise to an isomorphism of unfoldings. Proposition 1.2 Let X be an icis and let f : X ! P be a map of nite singularity type. If (X; f) is induced from the stable map G : N ! Q by : P ! Q, and if (X ; ; F; j) is an unfolding of (X; f), then there exists a deformation ? of such that (X ; ; F; j) is isomorphic to the unfolding obtained from ? by the canonical construction above.
Proof Since X is a complete intersection, a deformation over the base S extends to a deformation over a smooth ambient space of S, so we may assume from the outset that S is smooth. Moreover, any deformation of X can be realised as an embedded deformation, so we may suppose that there is a map H : E S ! C k , with H(x; s) = h(x) + r(x; s) deforming h, such that X = H ?1 (0); by extending F : X ! P S to a level-preserving mapF : E S ! P S, withF (x; s) = (f(x) + t(x; s); s) (for some extensionf of f) we obtain an unfolding (H;F) : E S ! C k P S of the map (h; f), and now we de ne an unfolding L : E C d S ! C k P C d S which is the \direct sum" of (H;F) and G, by
Note that (X ; ; F; j) is induced from L by the map-germ ? 0 : P S ! C k P C d S de ned by ? 0 (y; s) = (0; y; 0; s): 
commutes. Juxtaposing these two diagrams gives the following bre square. Proof We begin by showing that it is enough to prove this result in the case that is an immersion. It follows that it is enough to prove the theorem for an immersion. This we now proceed to do.
For the remainder of the proof we follow Damon closely, and give this proof mainly for the sake of completeness. Let ? 1 : P C c ; 0 ! Q be any deformation of , and let ? : P C d C c be the direct sum of ? 0 and ? 1 (here, as in the remainder of the proof, vector elds de ned initially on one factor of a cartesian product are extended trivially to the product).
As is tangent to D(F id C d C ), it can be lifted with respect to F id C d C :
By the standard construction of bre products, the spaces X 0 and X, and the maps F 0 : X 0 ! P C d and F : X ! P C d C, may be described as follows: let This shows that is tangent to X at its smooth points, and thus since smooth points are dense in X, the restriction of to X lies in X . Now (1.3) restricted to H ?1 ( ), shows that F : X ! P C d C is a trivial extension of The unfoldings of f : X ! P we are discussing here simultaneously deform the space X and the map f. Separating these two deformations, one arrives on the one hand at the (well understood) theory of isolated complete intersection singularities, and on the other at the rather less-studied theory of A-equivalence of map-germs de ned on singular varieties. In the former, the principal deformation-theoretic invariant is the Tjurina number (X); in the latter, it is the dimension of the quotient space NA e f := f P tf( X ) + !f( P ) ; which we shall refer to as A e -codim(f). When X is smooth, this reduces to the usual A e -codimension of f. In the case where X is an icis, we shall refer to the dimension of a miniversal unfolding of the pair (X; f) as A e -codim(X; f). t(G; )( ; 0) which is of course a member of t(G; )( N P )+(G; ) (Derlog( )); second, if 2 P , then regarding as an element of N P , (which is 0 in the N direction) we have (t ( )) = t(G; )( ). Thus, is well-de ned.
Step 2: is an epimorphism. As every deformation of X is induced, up to equivalence of deformations, by an appropriate deformation of , by Theorem 1.3, this is immediate. In fact, it is easy to nd a direct algebraic proof, avoiding Theorem 1.3.
Step 3: What is the kernel of ? The kernel of consists of the tangent vector elds ) is the class in NA e f of P jX ; that is, ( ) = P jX + TA e f: is well-de ned: rst, the ambiguity in the choice of the solutions , to (1.4) does not a ect the class of P jX in NA e f; for if (0; ) = t(G; )( ) + = t(G; )( 0 ) + 0 , then t(G; )( ? 0 ) 2 (G; ) (Derlog( )), and so ? 0 2 Derlog(X) (since X = (G; ) ?1 ( )), and P jX ? 0 P jX 2 tf( X ). Secondly, if 2 TK D(G);e , then P jX 2 tf( X ) + f ?1 ( P ); for if = , with 2 Derlog(D(G)), then there exists 2 N such that tG( ) = G. Thus, (1.4) has a solution with = ? : (0; ) = ?t(G; )(? ) + ( ; ) (G; ); here P = 0 and so ( ) = 0. And if = t ( ) with 2 P , then (1.4) has solution (0; ) = t(G; )(0; ). Here P (x; y) = (y), and so P jX 2 f ?1 ( P ). is 1-1: If (1.4) has solution (0; ) = t(G; )( N + P ) + with P jX = tf( ) + f, then extending 2 P trivially to 2 N P=P , and recalling that tf( N + P ) is just P , we have that for some N , the vector eld P ? + N is in Derlog(X). As Derlog(X) = (t(G; )) ?1 ((G; ) Derlog( )), it follows that Deformations of maps on complete intersections: : : 11 for since (x; y) 2 X, the components of~ in the two copies of Q are equal. Now, we may suppose that is an immersion, and at this point it is convenient to regard P as a smooth subvariety of Q. Thus, we regard t ( ) ? as an element of the restriction QjP . To complete the proof of the injectivity of , we have to show that t ( ) ?
is the restriction to P of some element of Derlog(D(G)); this follows from Lemma 1.5 below.
is onto: Given 2 f ( P ), choose a 1-parameter deformation f t : X ! P of f, such that df t dt j t=0 = . By Proposition 1.2, there is a deformation ? of such that the induced unfolding F of f is isomorphic to the unfolding f t id C : X C; 0 ! P C; 0. Since in the unfolding f t id C , X is deformed trivially, the same is true in the unfolding F; it follows that d? dt j t=0 2 ker , and, since F is isomorphic to f t id C , that ( d? dt j t=0 ) modulo df( X ) + f ?1 ( P ). This proves that is onto, and completes the proof of the theorem. To prove the claim, it su ces to show that Derlog(D(G))\I P Q = I P Derlog(D(G)), where I P is the ideal of functions vanishing on P. This is proved as follows: suppose 2 Corollary 1.6 (In nitesimal versality ) versality) Let X be an icis and f : X ! P have nite A e -codimension. Suppose that the unfolding F : X S ! P S of f is in nitesimally versal, i.e. that the initial speeds span NA e f, then F is versal.
Proof Let H be a versal deformation of h, the de ning equation for X, and extend F toF on the ambient space of X. Then (H; F) is an unfolding of (h; f) which by Theorems 1.3 and 1.4 is versal. It follows then that F is a versal unfolding of f. 2 Remark In 4, Section 3], Damon proves Theorem 1.4 under the assumptions that X is smooth (so that T 1 X = 0) and that f is of nite A e -codimension. In fact the hypothesis that X be smooth does not greatly simplify the proof; however, the hypothesis of nite codimension of f allows him to avoid the most di cult part of our proof, namely the injectivity of . For from his Lemmas 2.8 and 2.10 (equivalence of versality) (or our Theorem 1.3) one can deduce that dim C NK D(G);e = dim C NA e f, and thus it is enough to establish the surjectivity of . The proof of Damon's theorem in 15, 3.14] also does not need the assumption that f be of nite A e -codimension.
2 A e -codimension and the vanishing topology of the discriminant
In this section we will show how to generalise results of 5] which relate the topology of a stabilisation of an unstable map germ f, to the A e -codimension of f.
De nition Suppose that (X ; F; i; ) is an unfolding of the map-germ f : X ! P, with the property that (X ; ) is a smoothing of X, and such that for each smooth bre X s , the corresponding map f s : X s ! P has only stable singularities. We shall call each such map f s : X s ! P a stabilisation of f : X ! P.
If A e -codimension(X; f) is nite, then all stabilisations of (X; f) are topologically equivalent, for, up to isomorphism, all can be found in a versal unfolding of (X; f), and in the base of the versal unfolding, the parameter values of any two stabilisations can be joined by a path avoiding the bifurcation set; the corresponding family of mappings is locally analytically trivial, and the local analytic trivialisations can be pieced together to give a (global) topological trivialisation.
If Z is a reduced analytic space and f : Z ! P is a mapping, then the discriminant of f is the set D(f) = f( (Z;f) ), where (Z;f) = Z sing (f jZ reg )). In 5], the rst author and J. Damon proved the following two results.
Deformations of maps on complete intersections: : :
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Theorem 2.1 Suppose that (n; p) are nice dimensions in the sense of Mather 14] , with n p, and that f s is a stabilisation of a map-germ f : N ! P of nite A e -codimension. Then D(f s ) \ B (0) has the homotopy type of a wedge of spheres of dimension p ? 1.
The number of spheres making up the wedge is independent of the choice of stabilisation, and is called the discriminant Milnor number of f, and denoted (f). Theorem 2.2 Suppose that (n; p) are nice dimensions, with n p, and that f : N ! P is a map germ of nite A e -codimension. Then The proof of Theorem 2.1 is then: let f t , t 2 C, be a 1-parameter stabilisation of f, let F be the family f t id C , let Y = D(F) (which is a hypersurface in P C), and let h : D(F) ! C be the projection to the parameter space. Then (one checks) h has isolated singularity, in the sense of 9]. Since h ?1 (t) = D(f t ), Theorem 2.1 follows from Theorem 2.3.
Observe now that the same proof shows that the conclusion of Theorem 2.1 still holds if f t : X t ! P is a stabilisation of the germ of nite A e -codimension f : X ! P, where X is now an icis: namely that D(f t ) \ B (0) has the homotopy type of a wedge of spheres of dimension p?1. We will denote the number of these spheres by (X; f). Our main theorem is a generalization of Theorem 2.2:
Theorem 2.4 Let X be an icis of dimension n, and let f : X ! P be a map germ of nite A e -codimension. Suppose that (n; p) are nice dimensions, with n p. Then (X; f) A e -codim(X; f), with equality if (X; f) is quasihomogeneous.
(Here, (X; f) is quasihomogeneous if there are so-called good C -actions on X and P with respect to which f is equivariant.)
Proof The proof of Theorem 2.2 given in 5] carries over almost verbatim, and here we give no more than a sketch. First, as described in Lemma 1.1, choose : P ! Q which induces f : X ! P from the stable germ G : N ! Q. Then A e -codim(X; f) = Note that we do not assume that be of nite K codimension, but only that g 0 be K-nite. We begin the proof with a useful lemma. Lemma 3.2 With g; G; ; ; as de ned above, (ii) is injective, and (iii) is surjective. The proof is divided into three parts accordingly.
(i) First note that for 2 , one has (t ( )) = t 2 G t ( ) = t 2 g( ); so (t ( )) = t 2 g( ). The remainder of this part follows from the lemma above. (ii) Suppose ( ) 2 TK un :g. We wish to show that 2 Derlog( ). Write ( ) = 1 + 2 , where 1 2 TK rel :g and 2 2 t 2 g( ). Since j t ( ) : t ( ) ! t 2 g( ) is an isomorphism, there is a unique 2 2 t ( ) with ( 2 ) = 2 . Since is linear, it follows that 1 2 image( ), and so by Lemma 3.2, 1 := ? 2 Now, lack of versality of g is measured by NK un :g, and lack of stability of g is measured by the A e -codim(V g ; g ) (= dim NA e g if g is regular), and it is not unreasonable to expect these two numbers to coincide. Indeed one has, Theorem 3.3 Let g 0 : N ! P be a K-nite map germ and let g : N ! P be a deformation of g 0 , then
A e -codim(V g ; g ) = K un ?codim(g):
If, moreover, g is regular then the following two O -modules are isomorphic: NA e : g ' NK un :g:
Proof Let G : N U ! P be a versal deformation of g 0 and : ! U a map which induces g from G. The rst part of the theorem follows from combining Theorems 1.3 and 3.1. The second part follows from combining Theorems 1.4 and 3.1 (since T 1 V g = 0 if g is regular).
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